Abstract. We study the congeniality property of algebras, as defined by Bao, He, and Zhang, in order to establish a version of Auslander's theorem for various families of filtered algebras. It is shown that the property is preserved under homomorphic images and tensor products under some mild conditions. Examples of congenial algebras in this paper include enveloping algebras of Lie superalgebras, iterated differential operator rings, quantized Weyl algebras, down-up algebras, and symplectic reflection algebras.
A common theme to our examples is that, while these algebras are most commonly defined over k, the definition works over a suitable commutative ring. Hence, we are able to reduce to an order.
In addition, we establish when possible families of groups acting on classes of algebras above for which the conclusion of Auslander's Theorem holds. Notably, we prove that A#G ∼ = End A G A for any filtered Artin-Schelter regular algebra of global dimension 2 and G a finite group of filtered automorphisms acting with trivial homological determinant (Theorem 16).
Background. Given an algebra A and a group G acting as automorphisms on A, the skew group algebra A#G is defined to be the k-vector space A ⊗ kG with multiplication, (a#g)(b#h) = ag(b)#gh for all a, b ∈ A, g, h ∈ G.
For a filtered algebra A and a finite group G acting as filtered automorphisms on A, the Auslander map is given by
.
If G is a finite group which contains no reflections acting linearly on A = k[x 1 , . . . , x p ], then a theorem of Auslander asserts that γ A,G is an isomorphism [4] . Let A be an affine algebra generated in degree 1 and G a finite subgroup of GL n (k) acting on A 1 . The pertinency of the G-action on A is defined to be p(A, G) = GKdim A − GKdim(A#G)/(f G ) where (f G ) is the two sided ideal of A#G generated by f G = g∈G 1#g and GKdim is the Gelfand-Kirillov (GK) dimension. It is possible to define pertinency in terms of any dimension function on right A-modules, but GK dimension is sufficient for our purpose. It is also possible to define all of the above in terms of actions by semisimple Hopf algebras, however our focus will be on group actions.
Under suitable conditions, the Auslander map is an isomorphism (for a particular pair (A, G)) if and only if p(A, G) ≥ 2. In particular, by various results in [5, 6] , this applies when (1) A is noetherian, connected graded AS regular, and Cohen-Macaulay (CM) of GK dimension at least two, and G acts linearly; (2) A is a noetherian PI and Kdim-CM algebra of Krull dimension at least 2; (3) A is congenial and G preserves the filtration on A. Recall that k is an algebraically closed field of characteristic zero. Let k 0 = Z or F p := Z/(p), p ∈ k prime. Also recall that an R-algebra A is strongly noetherian if A ⊗ R C is noetherian for any commutative noetherian R-algebra C and universally noetherian if we can drop the commutative hypothesis on C. Definition 1. Let A be an algebra over k and let D be a k 0 -affine subalgebra of
Definition 2. A k-algebra A is called congenial if the following hold.
(1) A is a noetherian locally finite filtered algebra with an N-filtration F . The original definition of congeniality requires A D to be noetherian but this is implied by (4) and so we omit it. As stated in [5] , one can always replace D in Definition 2 with a D-affine subalgebra D ′ ⊂ k. We use this fact freely throughout without comment.
It is important to note that the definition of congenial is relative to some filtration on the algebra A and the results of [5] only apply to groups acting on A that preserve the filtration. Hence, when we state that an algebra is congenial, we either define explicitly a filtration or assume that it is clear from the context. For example, the filtration that we use on Lie superalgebras is the standard PBW filtration.
Congenial extensions. We consider how the congeniality property behaves under both homomorphisms and tensor products. Proof. Let ψ : A → B be a surjective k-algebra homomorphism of filtered algebras that preserves the filtration on A, and let A be congenial.
(1) It is clear that B is a noetherian, locally finite filtered algebra.
(2) Since A D is an order of A, then A is free over D which implies that ker ψ is free over D, therefore A/ ker ψ ∼ = B is a free D-module. Naturally there is a surjective
(3) The map ψ naturally induces a surjective k-algebra homomorphism gr ψ : gr A → gr B. A similar argument to (2) shows that gr B D is an order of gr B.
(4) For any commutative noetherian D-algebra C, gr A D ⊗ D C is noetherian. Applying the map gr ψ ⊗ id C implies that gr B D ⊗ D C is also noetherian.
(5) Let F be a factor ring of D and finite field. Applying the F -algebra homo- Proof. This follows from Theorem 3 with the maps a 1 ⊗ a 2 → a 1 ⊗ 1 and a 1 ⊗ a 2 → 1 ⊗ a 2 .
Recall that an algebra A is almost commutative if gr A is commutative under a standard finite-dimensional filtration.
Corollary 5. If A is an almost commutative algebra, then A is congenial. Moreover, if gr A is a polynomial ring and G is a finite small subgroup of linear automorphisms on A, then p(A, G) ≥ 2 and so A#G ∼ = End A G A.
Proof. As A is almost commutative, it is the homomorphic image of an enveloping algebra U (g) for some finite-dimensional Lie algebra g. The enveloping algebra U (g) is congenial by [5, Lemma 4.11] and so A is congenial by Theorem 3. If gr A is a polynomial ring, then A is CM and so we may apply [5, Theorem 4.10].
Next we prove a partial converse to Corollary 4.
Proof. (1) Since A 1 is universally noetherian, then A is noetherian. Let F 1 and F 2 be the respective filtrations of A 1 and A 2 . Define a filtration F on A = A 1 ⊗ k A 2 by declaring that F n (A) is generated (as a vector space) by those tensors a 1 ⊗ a 2 such that a 1 ∈ F r , a 2 ∈ F s , and r + s ≤ n. It is clear that F is locally finite since
As D 1 and D 2 are both k 0 -affine then so is D. Since D is finitely generated over both D 1 and D 2 , then (A 1 ) D and (A 2 ) D are orders of A 1 and A 2 , respectively, and both A 1 and A 2 are congenial with D and the induced filtration. Moreover,
(3) It is clear from the filtration that gr
The argument in (2) shows that gr
D is assumed to be strongly noetherian. Hence, because gr F1 (A 1 ) D1 is universally noetherian and so is gr F1 (A 1 ) D , then by (⋆),
(5) Let F be a finite field and a factor ring of D. It is obvious that the tensor product of two affine algebras is affine. Consider the map
It is clear that this map is an injective D-algebra homomorphism. Since both
Corollary 7. Let A 1 , A 2 be congenial algebras satisfying the conditions of Theorem 6. Suppose G is a finite subgroup of automorphisms respecting the filtration on A 1 such that p(A 1 , G) ≥ 2. Then we may identify G within Aut(A 1 ⊗ A 2 ) and p(A 1 ⊗ A 2 , G) ≥ 2. Thus, the Auslander map is an isomorphism for (A 1 ⊗ A 2 , G).
Proof. This follows from Theorem 6, [13, Theorem 3.12] , and [5, Theorem 4.10].
We now consider various families of algebras with (nice) associated graded rings for which we can prove the congeniality property and a version of Auslander's theorem.
Enveloping algebras of Lie superalgebras.
where x, y, z are homogeneous in Z 2 -degree and |x| represents the degree of x. The universal enveloping algebra of L is the quotient of the tensor algebra T (L) by the ideal of relations generated by
and so the result follows.
Theorem 9. The enveloping algebra of a finite-dimensional Lie superalgebra L is congenial.
Proof.
(1) Set A = U (L). It follows from the PBW filtration that A is a locally finite filtered noetherian algebra.
It follows that A D ⊗ D k = A. Let F be the PBW filtration on A. Then F descends to a filtration on A D , whence A D is a locally finite filtered algebra over D.
where D (x t+1 , ..., x p ) is the exterior algebra over D. Corollary 10. Let L be a finite-dimensional Lie superalgebra, R = U (L), and let G be a finite group of automorphisms of R respecting the filtration of R. If G restricts to a small subgroup of Aut Lie (L 0 ), then there is a natural isomorphism of algebras R#G ∼ = End R G (R).
Proof. By Theorem 9, R is congenial. It is well-known that R is CM, and hence by [5, Theorem 4.10] , it is sufficient to show that p(R, G) ≥ 2. The G-action on R induces a G-action on gr(R)
Here is one example to which Theorem 9 applies.
Example 11. Consider the Lie superalgebra L = pl(1|1) generated by
= y 1 , and x 2 y 2 − y 2 x 2 = −y 2 . Define a family of automorphisms parameterized by λ ∈ k × by φ(x 1 ) = λx 1 , φ(x 2 ) = −x 2 , φ(y 1 ) = y 2 , φ(y 2 ) = λy 1 .
If |λ| < ∞, then φ restricts to a finite subgroup of U (L 0 ) and if in addition λ = 1, then the group G = φ is small when restricted to gr
It follows that the Auslander map is an isomorphism for the pair (U (L), G).
Iterated differential operator rings. Let R be an algebra and δ a derivation on R. That is, δ obeys the Leibniz rule, δ(rs) = rδ(s) + δ(r)s for all r, s ∈ R. The overring R[x; δ] generated by R and x with the rule xr = rx + δ(r) is called a differential operator ring over R.
Consider an iterated differential operator ring
Define an ascending chain of filtrations {F k } in the following way. Set deg F1 (x 1 ) = 1 and for k > 1 inductively define deg
Theorem 12. If A is an iterated Ore extension of derivation type over k, then A is congenial.
Proof. (1) By definition, A is locally finite and A is noetherian by a version of the Hilbert Basis Theorem. It is a filtered algebra with the filtration F defined above.
(2) Set D to be the k 0 -affine subalgebra of k defined by D = k 0 ∪ {coefficients appearing in nonzero summands of δ i (a j ) for all i, j}. The filtration that we put on A in the previous lemma may not appear to be the most natural one. One must be careful because, to apply the lemma to pertinency, one needs the automorphisms to respect the filtration. Thankfully this is the case for the algebras we consider.
By the Leibniz rule,
Let
and φ ∈ Aut(A). By [2, Proposition 3.6], φ is triangular of the form
In fact, adjusting the proof slightly above by setting deg F (y) = max{p(x), h(x)}, the argument goes through and we have that φ is a filtered automorphism. Furthermore, φ restricts to a diagonal automorphism on gr F A = k[x, y]. Quantized Weyl algebras. Let T be an integral domain, q ∈ M n (T × ) satisfying q ii = 1 and q ij q ji = 1 for all i = j, and γ = (γ i ) ∈ (T × ) n . The quantized Weyl algebra A q,Γ n (T ) is the algebra with basis {x 1 , y 1 , . . . , x n , y n } subject to the relations
There is a standard filtration F on A q,Γ n (T ) defined by setting deg(x i , y i ) = i. Another filtration, which we do not consider here, sets all generators in degree one. (5) Let F be a factor ring of D that is a finite field, then A Filtered AS regular algebras. An N-graded algebra A is said to be Artin-Schelter (AS) regular if it has finite GK dimension, global dimension d < ∞, and satisfies Ext i A (k) ∼ = δ id k(ℓ), where δ id is the Kronecker-delta and k(ℓ) is the trivial module A/A ≥1 shifted by some integer ℓ. An algebra A is filtered AS regular if gr F (A) is AS regular where F is the standard filtration defined by setting all generators in degree one.
By [10, Theorem 4.1], the Auslander map is an isomorphism for the pair (A, H)
where H is a semisimple Hopf algebra and A is a graded H-module algebra that is also a global dimension 2 Artin-Schelter (AS) regular algebra. Our next goal is to extend this theorem to all filtered AS regular algebras of global dimension 2.
The AS regular algebras of global dimension 2 are the quantum planes
and the Jordan plane, J = k x, y : yx − xy + y 2 .
The filtered AS regular algebras of global dimension 2 include O q (k 2 ), J , U (g) where g is the two-dimensional solvable Lie algebra, the quantum Weyl algebra
and the deformed Jordan plane
Note that A q 1 (k) is a special case of the quantized Weyl algebras defined above. Remark 15. The algebras J , U (g), and J 1 are all examples of iterated differential operator rings over k [x] . It is not difficult to check that the proof of Theorem 12 goes through when one replaces the filtration in that proof with the standard filtration.
The notion of homological determinant was developed by Jørgensen and Zhang, and we refer to [17] for the definition. We denote the subgroup of homological determinant 1 automorphisms in Aut(A) by SL(A). Down-up algebras. Let α, β, γ ∈ k. The down-up algebra A(α, β, γ) is the kalgebra generated by d, u subject to the relations
We consider here only the case that β = 0. We set r, s to be the two roots of
Theorem 18. Suppose A(α, β, γ) is a down-up algebra with β = 0 and r, s roots of unity. Then A(α, β, γ) is congenial.
(1) We let F be the standard filtration on A = A(α, β, γ) defined by setting deg{u, v} = 1. Then A is noetherian by [7, Proposition 7] and [18, Corollary 2.2].
(2) Set D = Z[α, β, γ, r, s]. Then A D is again a down-up algebra and the filtration F induces a filtration on A D . Moreover, A D is noetherian, again by [7, 18] . It is worth noting that [18] only states the result for base ring a field, but by appealing to the construction of a down-up algebras as a generalized Weyl algebra, it is sufficient by [7, Proposition 7] that the base ring D is noetherian.
(3) It is clear that gr F A ∼ = A(α, β, 0), whence gr F A is again a down-up algebra. Thus, gr F A D is an order of gr F A.
(4) Let C be a commutative noetherian D-algebra. Then gr F A D ⊗ D C is a (graded) down-up algebra over C. Thus, one may follow the generalized Weyl algebra approach mentioned above to conclude that gr F A D ⊗ D C is noetherian, and so gr F A D is strongly noetherian.
(5) Let F be a factor ring of D that is a finite field and let n = char F . Then A D ⊗ D F is still a down-up algebra (over F) and hence it is affine noetherian. By [15] , some power of d and u are central and so A D ⊗ D F is module-finite over its center, whence PI. Symplectic reflection algebras. Let V be a finite-dimensional vector space, ω a non-degenerate, skew symmetric bilinear form on V , Sp(V ) the symplectic linear group on V , and G ⊂ Sp(V ) a finite group that is generated by S, the set of all symplectic reflections in G. Given this data, along with t ∈ k and a conjugate invariant function c : S → k, i.e. c(gsg −1 ) = c(s) for all s ∈ S and g ∈ G, the symplectic reflection algebra H t,c is defined as where ω s is the 2-form on V whose restriction to Im(1−s) is ω and whose restriction to Ker(1 − s) is zero.
Theorem 20. The symplectic reflection algebra H t,c is congenial.
Proof. Set H = H t,c .
(1) There is a natural filtration F on H defined by setting V * in degree one and G in degree zero. The PBW theorem for symplectic reflection algebras [12, Theorem 1.3] gives gr F H ∼ = k[V ]#G. It follows from this that H is a locally finite filtered algebra.
(2) Set D to be the polynomial ring over Z generated by t and c(s) for all s ∈ S. Then D is an affine subalgebra of k and it is clear that H D is an order of H. The filtration defined above descends and so H D is locally finite filtered. (5) Let F be a finite field factor ring of D and set char F = p. Then H D ⊗ F remains affine noetherian essentially by the PBW theorem. By [9, Appendix] , H D ⊗ k p is module-finite over its center whence PI, where k p is the algebraically closed field containing F . It follows that the subring H D ⊗ F is also PI.
